Abstract. This paper completes a fundamental construction in Alexandrov geometry. Previously we gave a new construction of metric spaces with curvature bounds either above or below, namely warped products with intrinsic metric space base and fiber, and with possibly vanishing warping functions -thereby extending the classical cone and suspension constructions from interval base to arbitrary base, and furthermore encompassing gluing constructions. This paper proves the converse, namely, all conditions of the theorems are necessary. Note that in the cone construction, both the construction and its converse are widely used. We also show that our theorems for curvature bounded above and below, respectively, are dual. We give the first systematic development of basic properties of warped products of metric spaces with possibly vanishing warping functions, including new properties.
Introduction
This paper completes a fundamental construction in the theory of Alexandrov spaces. In classical Riemannian geometry, warped products provide perhaps the major source of examples and counter-examples. In [AB 04], a new construction of metric spaces with curvature bounds either above or below was given, namely warped products with intrinsic metric space base and fiber, and with possibly vanishing warping functions -thereby extending the classical cone and suspension constructions from interval base to arbitrary base, and furthermore encompassing gluing constructions. This paper proves the converse, namely, all the conditions of the theorems are necessary. Note that in the cone construction, the implications in both directions are widely used.
Among the rather delicate arguments required, it turned out that adequate tools to handle all of them were not available when [AB 04] was written. For spaces of curvature bounded below, we know of no proof that does not use Petrunin's globalization theorem for incomplete spaces [Pt 12 ]. We use it to prove a gluing theorem on the closure of the subset of the boundary on which the warping function is nonvanishing. For curvature bounded above, to prove the correct bound on the fiber we had first to obtain a Gauss Lemma for curvature of general subspaces [AB 06].
In [AB 04], we did not recognize that our theorems for curvature bounded above and below, respectively, were completely dual. Here we show this by proving equivalent formulations of the original hypotheses.
We also give a systematic development, including new properties, of warped products of metric spaces with somewhere-vanishing warping functions. These were introduced in [AB 04], where their treatment was ad hoc. Somewhere-vanishing warping functions greatly enrich our source of examples and counter-examples by allowing gluing on subsets.
The proofs given here illustrate a range of techniques and constructions in Alexandrov geometry. We try to bring into focus the dualities between curvature bounded below and above
Statement of theorems
Let ( X, | * * | : X × X → [ 0, ∞) ) be a metric space. The model angle∠
is the angle corresponding to x i in the model triangle△ κ x i x j x k with sidelengths |x i x j |, |x j x k |, |x k x i |, in the complete simply connected surface of constant curvature κ. We call that surface the model surface for κ. The model triangle and model angle are said to be defined if there is a unique triangle in the model surface with those sidelengths. In particular, the perimeter of the model triangle is ≤ ̟ κ = π/ √ κ (= ∞ if κ ≤ 0). As is well known, X ∈ CBB κ and X ∈ CAT κ may be defined using point-side κ-comparisons. Namely, for every point x 1 and geodesic [x 2 x 3 ] such that△ κ x 1 x 2 x 3 is defined, the distance between x 1 and each point of [x 2 x 3 ] is ≥ (for CBB κ ) or ≤ (for CAT κ ) the distance between the corresponding points of△ κ x 1 x 2 x 3 . However, we are going to use instead, equivalent definitions that depend on distance only. Our CAT κ definition is new in [AKP] . See Section 3.1. Let f be a locally Lipschitz function defined on a metric space. For κ ∈ R, we say f is sinusoidally κ-convex, written f ∈C κ , if for every unit-speed geodesic γ,
If the inequality is reversed, we say f is sinusoidally κ-concave, written f ∈ C κ . The inequalities are meant in the generalized sense: if y ′′ + κ · y = 0, and y and (f • γ) are defined on and coincide at the endpoints of a sufficiently short interval, then (f • γ) ≤ y (respectively ≥ y ) That is, there are two-point supports. Equivalently, at every point there is a solution y of y ′′ + κ · y = 0 defined on an open interval, coinciding with f •γ at that point, and satisfying the opposite inequality -tangential supports exist. Thus sinusoidal 0-convexity (0-concavity) is convexity (concavity) in the usual sense.
Definition 2.1. Let B and F be intrinsic spaces, and f : B → R ≥0 be locally Lipschitz. Suppose F = point, and Z = f −1 (0) = B. When we denote a warped product by B × f F , we assume (B, f, F ) is such a triple, which we call a WP-triple.
Theorem 2.2 (CAT κ ). Let (B, f, F ) be a WP-triple, and assume f is Lipschitz on bounded sets. Then B × f F ∈ CAT κ if and only if the following conditions hold, where Z = f −1 (0):
(1) B ∈ CAT κ and f ∈C κ .
(2) If Z = ∅, then F ∈ CAT κF for
(3) If Z = ∅, then F ∈ CAT κF for κ F = min {κ foot , κ far }, where
2 : α = dist Z -realizer with footpoint α(0) ∈ Z, |α + (0)| = 1},
Theorem 2.3. (CBB κ ) Let (B, f, F ) be a WP-triple, and assume f is Lipschitz on bounded sets. Then B × f F ∈ CBB κ if and only if the following conditions hold, where
(1) B ∈ CBB κ and f ∈ C κ . (2) Let B † (f ) be obtained by gluing two copies of B on closure (∂B−Z), and let
Theorem 2.4. (a) In Theorem 2.2 (3), we may substitute
(b) In Theorem 2.3 (4), we may substitute
Remarks 2.5. (a) In Theorem 2.2, condition (1) implies Z is ̟ κ -convex. In Theorem 2.3, condition (1) implies Z ⊂ ∂B. (b) In Theorem 2.3 (3) we may substitute
This is because when Z = ∅, conditions (1) and (2) imply κ ≤ 0 (see proof of Lemma 7.2). κ . Given a metric space X, we are going to use the following definitions.
• A geodesic γ joining x 1 , x 2 ∈ X is a constant-speed curve of length |x 1 x 2 |. We may also denote γ by [x 1 x 2 ]. A pregeodesic is a monotonically reparametrized geodesic. A geodesic (pregeodesic) is said to be unique if it is determined by its endpoints up to reparametrization. X is geodesic (intrinsic) if any x 1 , x 2 ∈ X are joined by a geodesic (respectively, by curves of length arbitrarily close to |x 1 x 2 |). X is r-geodesic (r-intrinsic) if this condition is applied only when |x 1 x 2 | < r.
• A quadruple of points x 1 , x 2 , x 3 , x 4 in a metric space satisfies (1 + 3)-point κ-comparison, briefly (1 + 3) κ , if
or at least one of the three model angles∠
x 4 , or at least one of the six model angles∠
x k is undefined [AKP] . The following definitions of CBB κ and CAT κ are equivalent to point-side definitions, but depend on distances only, not on existence of geodesics. They allow us to give some substantially simpler proofs.
Definition 3.1. Let X be an intrinsic space.
• X ∈ CBB κ means X is a complete intrinsic space in which every quadruple satisfies (1 + 3) κ . In this paper, we further assume X has finite dimension. (In particular, X is proper, hence a geodesic space, and boundary ∂X is defined.) We also use the convention (for κ > 0) that X is not isometric to a closed interval of length > ̟ κ , or a circle of length
• X has curvature ≥ κ, written curv X ≥ κ, if any point p ∈ X has a neighborhood Ω p such that all quadruples lying in Ω p satisfy (1 + 3) κ ;
κ means X is a complete intrinsic space in which every quadruple satisfies (2 + 2) κ . It follows that X is ̟ κ -geodesic.
• X has curvature ≤ κ, written curv X ≤ κ, if any point p ∈ X has a neighborhood Ω p such that all quadruples lying in Ω p satisfy (2 + 2) κ . . Let X be a geodesic space andX be its completion. Suppose curv X ≥ κ. ThenX ∈ CBB κ .
3.3. Definitions. Let X be a metric space. The speed of a curve α : J → X at t 0 ∈ J, where J is an interval, is defined as
If α is Lipschitz, then speed α exists at almost all t ∈ J, and length α is finite and given by Lebesgue integral of speed. A subset S ⊂ X will be called convex in X if all x 1 , x 2 ∈ S are joined by geodesics of X, and all such geodesics lie in S. If this condition holds when |x 1 x 2 | < r, then S is said to be r-convex.
For S ⊂ X, we denote distance from S by dist S . Set (3.1) B(S, r) = {x ∈ X : dist S (x) < r}.
If S = {p}, we write B(p, r) for the open ball of radius r about p, and B(p, r) for the closure of B(p, r).
3.4. Tangent spaces and differentials. Suppose X ∈ CBB κ or X ∈ CAT κ . Recall that if γ 1 and γ 2 are geodesics from p, and x i lies on γ i , then∠ κ p<
x 2 is a monotone function of (|p x 1 |, |p x 2 |). Then the angle at p between γ 1 and γ 2 is defined as
x 2 . Consider the set Γ p X of geodesics γ with γ(0) = p. Set γ 1 ∼ γ 2 if γ 1 and γ 2 are non-constant and the angle between them is 0. A metric on the quotient space (Γ p X/ ∼) is given by the angle between representative geodesics γ. We denote this metric space by Σ ′ p X, the space of geodesic directions. The space of directions Σ p X is the completion of Σ ′ p X. The tangent space, or space of tangent vectors, T p X, is the linear cone over Σ p X:
If γ is a geodesic with γ(0) = p and speed c > 0, and u is the direction at p represented by γ, the right derivative γ + (0) of γ at 0 is the tangent "vector" (c, u) ∈ T p X, which we write as v = c · u. We denote the vertex of the cone T p X by o p .
Let f : X → R be a locally Lipschitz function such that (f • γ) + (0) exists for every geodesic γ with γ(0) = p. Then the differential of f at p is a uniquely determined, linearly homogeneous, Lipschitz map
+ (0) when γ is a geodesic with γ + (0) = x. In this paper, convergence of spaces always refers to Gromov-Hausdorff convergence. We need:
3.5. Convex functions and gradient vectors. Suppose a continuous function f on a metric space X is sinusoidally κ-concave or κ-convex, i.e. f ∈ C κ or f ∈C κ . Then f is semiconcave (semiconvex ), i.e. locally there is a constant generalized upper ( lower ) bound on f ′′ along unitspeed geodesics γ. Equivalently, (f • γ)(t) − λ · t 2 is concave for some λ ∈ R. The restriction of a semiconcave function f to a geodesic γ has all the regularity properties of a convex function: left and right derivatives exist at every point, and the second derivative exists almost everywhere. (ii) The gradient ∇ p f ∈ T p X exists, where Remark 3.5. When X ∈ CAT κ , we are going to apply Theorem 3.4 to semiconvex functions f , by considering the gradient vectors and gradient curves of the semiconcave function (−f ). We call the gradient vectors ∇ p (−f ) the downward gradient vectors of f , and the gradient curves of −f , the downward gradient curves of f . Remark 3.6. In [AB 04, AB 96], sinusoidally κ-convex and κ-concave functions were called F κ-convex and F κ-concave.
Warped products
Basic properties of warped products with positive warping functions, f > 0, were proved in [AB 98]. They were used in [AB 04], which treated vanishing of f in an ad hoc manner. In this paper we require a systematic treatment, including new properties, for f ≥ 0, given in this section.
Let (B, f, F ) be a WP-triple (Definition 2.1).
In this paper, J always denotes some finite closed interval.
Definition 4.1 (Warped product). Consider the topological space (B × F )/ ∼, where the elements of {p} × F are identified if f (p) = 0. We denote this class by p, or by any of its representatives (p, ϕ), ϕ ∈ F . An admissible curve for the triple (B, f, F ) is a curve γ : 
where is Lebesgue integral, v B is the speed of γ B , v F |J + is the speed of γ F |J + and v F |J 0 = 0. Then the integrand is defined almost everywhere on J and bounded. Equivalently,
Here the first term is defined, independently of enumeration, because the summands are positive. Then the warped product B × f F is the corresponding intrinsic space, where distance is given by infimum of lengths of admissible curves joining two given points.
We refer to B and F as base and fiber respectively. B ×{ϕ 0 } is called a horizontal leaf ; and {p 0 } × F when f (p 0 ) > 0, a vertical leaf.
Remark 4.2. The vanishing set f −1 (0) of f represents the set on which the horizontal leaves B × {ϕ 0 } are glued together. At these points there is no well-defined projection γ F to F . Proposition 4.3. The warped product B × f F satisfies:
(1) The intrinsic and extrinsic metrics of any horizontal leaf B × {ϕ 0 } agree, and projection (p, ϕ 0 ) → p is an isometry onto B.
with its intrinsic metric, is a homothety onto F with multiplier 1/f (p 0 ). (3) If f achieves a positive minimum at p 0 , then the intrinsic and extrinsic metrics of {p 0 } × F agree.
Proof. Claims (1) and (2) are immediate from the length formula (4.1). Also by (4.1), the projection onto {p 0 } × F given by (p, ϕ) → (p 0 , ϕ) is lengthnonincreasing if p 0 is a minimum point of f . Hence (3).
Remark 4.4. A horizontal leaf need not be convex even if B × f F is a geodesic space, since vanishing of the warping function f allows geodesics to bifurcate into distinct horizontal leaves. For instance, suppose α : [0, 1] → B is a geodesic of B such that f (α(0)) = f (α(1)) = 0 and f • α is not identically 0. Then for any distinct ϕ 1 , ϕ 2 ∈ F , the geodesic (α, ϕ 2 ) of B × f F has its endpoints in B × {ϕ 1 } but does not lie in B × {ϕ 1 }. Now we show that distance in a warped product is fiber-independent, in the sense that distances may be calculated by substituting for F a different intrinsic space. Propositions 4.3 and 4.5 summarize properties that for the case f > 0 are given in [AB 98]. Proposition 4.3(2) is due to Chen.
Proposition 4.5 (Fiber independence). Let W = B × f F and W * = B × f F * , where F * = point is an intrinsic space.
(1) Let p, q ∈ B, ϕ, ψ ∈ F , and ϕ
Proof. Let γ i : J → W be admissible curves with endpoints (p, ϕ), (q, ψ), where
−1 (0) = ∅. By the length formula, there is an admissible curvě γ i with endpoints (p, ϕ), (q, ψ) that is not longer than γ i , such that (γ i ) B = (γ i ) B and (γ i ) F is constant on each maximal subinterval on which f • (γ i ) B > 0. Thus we may assume (γ i ) F has this form, hence length γ i = length(γ i ) B . There are curves γ * i of the same form in W * with endpoints (p, ϕ
Reversing the roles of W and W * proves (1). To prove (2), suppose γ F has length L > |ϕ ψ|. Set v = speed γ F . Let β : J → F be a curve with endpoints ϕ, ψ and length L ′ < L. Then the length of γ is reduced by replacing γ F with the reparametrization of β with speed (L ′ /L) · v. This contradiction gives (2).
(3) is immediate from (1) and the length formula (4.1).
The two-piece property in the next proposition is worthy of note.
Proposition 4.6 (Vanishing warping function). Let
(1) The restriction of γ F to any maximal subinterval J i of J − J 0 is constant. If J i has no common endpoint with J, the constant can be changed to any other point in F and the resulting curve will still be a geodesic in B × f F with the same endpoints.
(3) (Two-piece property) γ B consists of two geodesics of B that intersect on the maximal subinterval [t 0 , t 1 ] of J having endpoints in J 0 .
Proof. By the length formula (4.1), any curve in B joining p and q and passing through Z = f −1 (0) is the projection of a curve in B × f F of the same length joining (p, ϕ) and (q, ψ), and such that the projection to F on each interval J i is constant. Claims (1) and (2) follow.
It follows also that γ B minimizes length of curves in B from p to q that intersect Z. If t 0 = t 1 in claim (3), it follows that γ B |[0, t 0 ] and γ B |[t 0 , 1] are geodesics and the claim holds. Suppose t 0 < t 1 . Then γ B |[0, t 1 ] is a geodesic, since otherwise by the triangle inequality there is a curve from p to q passing through γ B (t 1 ) ∈ Z that is shorter than γ B . Similarly, γ B |[t 0 , 1] is a geodesic.
Clairaut's theorem on geodesics of a surface of revolution extends to the metric setting. The proof that the formulas hold almost everywhere (claim 1 in the proof below) is in [AB 98]. Here we prove the new result that the speed v B exists and is continuous for all t; when (f • γ B )
−1 (0) = ∅, the same holds for v F ; and when
Theorem 4.7 (Clairaut's theorem). Let γ = (γ B , γ F ) : J → B × f F be a geodesic with speed a. Then v B and an extension v F of v F are defined and Lipschitz continuous for all t ∈ J, and there is a constant c(γ) such that
Proof.
In this case, v F may be extended to all of J by setting v F ≡ 0, and (4.2) holds with c(γ) = 0. Moreover, from the two-piece property we conclude that γ B is a geodesic, with the only exception possible being a single break point when t 0 = t 1 ; in this case, v B still exists with constant value a.
So suppose f • γ B > 0. Since γ B and γ F are Lipschitz, the speeds v B and v F are defined almost everywhere, and the Lebesgue integral of speed on an interval is arc-length. 2. v F is defined and continuous on J and satisfies (4.2).
2 is defined and continuous on J, v F has a continuous extension v F to all of J by claim 1. It follows that the arc-length function s(t) of γ F is obtained by integrating the continuous function v F , and so ds/dt = v F . Since γ F is a pregeodesic, ds/dt is the speed of γ F , i.e. v F = ds/dt = v F . The claim follows.
v B is defined and continuous on J and satisfies (4.3).
It suffices to assume J is an open interval containing 0, and show that v B is defined and continuous at t = 0.
Comparing the warped product metric with the Cartesian product metric on
Since (4.2) holds almost everywhere,
Hence by (4.4),
Similarly, comparison with B × b−ǫ F gives an upper bound:
Dividing by (s 1 + s 2 ) 2 , and taking the limit first as s 1 , s 2 → 0, then as ǫ → 0, we obtain that v 2 B exists and equals 1 − (c/b) 2 , the value needed for continuity. By (4.2), if speed γ = a then c(γ) = a·c(γ) whereγ is a unitspeed reparametrization of γ. Hence (4.3).
v B and v F are Lipschitz continous.
This claim follows from (4.2) and (4.3), since we assume f is locally Lipschitz.
Remark 4.8. The original formulation of (4.3) in [AB 98] states that any geodesic for which f is nonvanishing has a constant-speed reparametrization γ satisfying 1 2
almost everywhere. In this form, Clairaut's equation has a potential theoretic interpretation, where the constant E is called the total energy and the terms equated to E are the kinetic and potential energies. 
, where ℓ = length γ F . Indeed, by Proposition 4.5 (3), γ B remains unchanged by this substitution; and by (4.2), c(γ) also remains unchanged.
Without loss of generality, the midpoint of γ F is γ Sincev B (0) = 0 wherev B is the speed ofγ B , we also have v B (0) = 0. By (4.3), the vanishing set of v B is also the set on which f • γ B takes its minimum value c(γ)/a, hence (4) and (5).
Alternatively, suppose (f
where the supremum is taken over all partitions t 0 < . . . < t n of J. Here, letting t i be a minimum point of (f
where Theorem 5.1.
(1) Suppose X ∈ CAT κ and S ⊂ X is ̟ κ -convex. Then
(2) [Pr 91] Suppose X ∈ CBB κ and ∂X = ∅. Then
is a sinusoidally κ-concave function on X. The next lemma will allow us often to restrict attention to warped products whose fibers are intervals.
(1) Let β : J → F be a unit-speed geodesic. Then under the embedding
the intrinsic and extrinsic metrics of B × f J agree. (2) There is a nontrivial interval J such that B× f J ∈ CAT κ or B× f J ∈ CBB κ respectively.
Proof. By Proposition 4.5 (3) and Proposition 4.6, the map id ×β preserves geodesics. Therefore (1) holds. By Proposition 4.5 (2), F is ̟ κ -geodesic if B × f F ∈ CAT κ , and F is geodesic if B × f F ∈ CBB κ . Therefore (2) follows from (1) and the assumption F = point.
Lemma 5.3. If W = B × f J is a geodesic space, where J is an interval with interior point 0, then the warping function f : B → R ≥0 satisfies
Proof. By Proposition 4.3 (2), for p ∈ B the curve β(t) = (p, t) in W is rectifiable, with arc-length parameter s satisfying t = f (p)s. Then the speed of β exists and equals f (p) almost everywhere. By Proposition 4.5 (1) (taking F = F * = J and p = q), if two points of {p} × J have the same intrinsic distance in {p} × J then they have the same extrinsic distance in W . Thus the speed of β is constantly f (p) everywhere, and we have
A geodesic γ realizing the distance from (p, ǫ) to B × {0} has a symmetric extension, which is a geodesic between (p, ǫ) and (p, −ǫ) since γ cannot be shortened. Thus
Since sn κ′ (0) = 1, the lemma follows.
Theorem 5.4 (Theorem 2.2 (1)). Let (B, f, F ) be a WP-triple.
Proof. Proposition 4.3 (1) implies B ∈ CAT κ . By Lemma 5.2 (2), we may assume F is a non-trivial interval J = [−θ 0 , θ 0 ]. Since any two points at distance < ̟ κ in B × f J are joined by a unique geodesic, Proposition 4.3 (1) implies that each horizontal leaf B × {ǫ} is a ̟ κ -convex subset of B × f J. By Theorem 5.1 (1), sn κ • dist B×{0} is sinusoidally κ-convex on the tubular neighborhood B (B × {0}, ̟ κ /2), and hence on a neighborhood of (p, ǫ) in B × {ǫ} for ǫ sufficiently small. By Lemma 5.3 and Proposition 4.3 (1), f ∈C κ .
Base and warping function, CBB
Recall that we write p ∈ B × f F when f (p) = 0, where p is the equivalence class
The next lemma contains what we need in this paper about tangent cones of warped products.
Lemma 6.1. Let (B, f, F ) be a WP-triple, and J be a closed interval.
(1) follows from Proposition 4.3 (1). When dim B = 1, we additionally use
(2) By the arc-length formula (4.1),
where i λ : λX → X is the tautological map.
By Lemma 3.3,
The existence of this limit implies that (f • α) + (0) exists for every geodesic α of B with α(0) = p. (2) follows.
(3) We may also write
Thus we obtain (3), e.g. when f (p) > 0 and ϕ is an interior point of J,
Proof. By Lemma 5.2.(2), we may assume F is a non-trivial interval J = [−θ 0 , θ 0 ].
See Lemma 6.1 (1).
For any curve in B × f J connecting two points of W , any maximal open segment not in W can be reflected into W , thus giving a curve of equal length in W . Hence intrinsic distance in W equals distance in B × f J. Therefore W ∈ CBB κ . Consider p ∈ B − (Z ∪ ∂B). Since p / ∈ ∂B, Σ p B is without boundary. Let 0 < ǫ < θ 0 . Since Σ (p,ǫ) W is the spherical suspension of Σ p B by Lemma 6.1 (3), and hence is without boundary, then (p, ǫ) is an interior point of W . Also (p, 0) ∈ ∂W , since Σ (p,0) W is the hemispherical suspension of Σ p B.
There is c > 0 and a neighborhood U in B − (Z ∪ ∂B) of p such that if q ∈ U and 0 < ǫ < c, the nearest point in ∂W to (q, ǫ) lies in B × {0}. It follows, by Theorem 5.1 (2) applied to X = W , that for any geodesic α in U , the restriction of sn κ • dist B×{0} to the geodesic α × {ǫ} in B × {ǫ} (necessarily also a geodesic in W ) is sinusoidally κ-concave. Thus f | B − (Z ∪ ∂B) ∈ C κ by Lemma 5.3.
Z ⊂ ∂B.
The claim is true if dim B = 1. In that case, B is either a circle, or a closed interval, i.e. a connected closed subset of R. If f (p) = 0 for some p ∈ B − ∂B, then geodesics of B × f J bifurcate, contradicting B × f J ∈ CBB κ . Specifically, we can choose an isometric imbedding γ B : [b, a] → B, where b < 0 < a, γ B (0) = p, and f (γ B (a)) > 0. By Proposition 4.6 (1), we may define γ F (s) when s / ∈ Z to be 0 for b ≤ s ≤ 0, and either 0 or θ 0 for 0 < s ≤ a. Now choose n > 1, and assume the claim is true whenever dim B = n. Suppose dim B = n+1, and f (p) = 0 for some p ∈ B−∂B. We have
. By Lemma 6.1 (2),
where dim(Σ p B) = n and ∂(Σ p B) = ∅ since p / ∈ ∂B. By the induction hypothesis,
1 . This is impossible since (d p f | Σ p B) must take a minimum by compactness. In this case, some geodesic to the minimum point must extend as a quasigeodesic on which d p f | Σ p B becomes negative, a contradiction. Hence claim 3.
Suppose α is a geodesic of B. If α has no internal intersection with ∂B, then f • α ∈ C κ by claims 2 and 3. Otherwise, α ⊂ ∂B. Letα be a subsegment of α obtained by arbitrarily small shortening at either endpoint. Since B ∈ CBB κ , α is the unique geodesic between its endpoints. Any sequence of geodesics with endpoints in B − ∂B, and approaching the endpoints ofα, must lie in B − ∂B and converge toα. Therefore f •α is sinusoidally κ-concave and hence so is f • α, as claimed.
, where Z(f ) ⊂ ∂B by Theorem 6.2. Define B † (f ) to be the result of gluing two copies of B along closure (∂B − Z(f )). Define f † :
Now we use Petrunin's incomplete-globalization theorem, Theorem 3.2, to prove the following partial-boundary gluing theorem. Since the gluing theorem may be accessed at the level of direction spaces by induction on dimension, the task is to show that it transmits to the underlying space.
Theorem 6.4 (Theorem 2.3 (2)). Let (B, f, F ) be a WP-triple.
Proof. By Lemma 5.2 (2), we may assume F is a non-trivial interval 
Let W be the preimage of B × f [0, θ 0 ] under the tautological map
By reflection, (as in the proof of Theorem 6.2, Claim 2) intrinsic distance in W equals distance in
For any q ∈ B † 0 , there is c > 0 and a neighborhood U of q in B † 0 such that if p ∈ U and 0 < ǫ < c, the nearest point in ∂W to (p, ǫ) ∈ W lies in B † 0 × {0}. It follows, by Theorem 5.1 (2) applied to X = W , that for any geodesic α in U , the restriction of sn κ • dist B † ×{0} to the geodesic α × {ǫ} in B † 0 × {ǫ} is sinusoidally κ-concave. By Lemma 5.3, the claim follows.
The theorem holds if
Since B ∈ CBB κ , B is a circle of length ≤ 2 · ̟ κ or a closed interval of length ≤ ̟ κ . By Theorem 6.2 (2), Z ⊂ ∂B. If B = circle or Z = ∂B, then B † = B and the claim already holds by Theorem 6.2. So we may assume either B is a ray and Z = ∅, or B is a finite closed interval and Z = ∅ or an endpoint.
We have f † 0 ∈ C κ by claim 2. If B is a ray, then κ ≤ 0, B † ∈ CBB κ , and
4. Choose n ≥ 1, and assume the theorem holds if dim B = n. Suppose dim B = n + 1. Suppose α † : I → B † is a unit-speed geodesic of B † such that I is an interval with 0 in its interior, and α
It suffices to prove the claim for I = (−ǫ, ǫ), for some ǫ > 0. Denote the gluing set by G = closure (∂B − Z). Then ∂B is the disjoint union
where int denotes interior relative to ∂B. The claim is clear if p ∈ int Z, so we assume p ∈ G.
We have Σ p (B × f J) ∈ CBB 1 [BGP 92]. By Lemma 6.1 (2),
and
By the induction hypothesis,
† is nonnegative and not identically 0, hence must take its minimum at a boundary point of (Σ p B)
† . (Otherwise there would be a quasigeodesic extension, along which
† becomes negative, of a geodesic to a minimum point.)
Moreover
Let us write Suppose α † i intersects (Π † ) −1 (G) at some t = 0, for one or both i. Then we may shorten α † i so that its endpoints lie on (
By reflecting maximal open segments in one copy of B into the other copy, we may obtain a curve with the same endpoints and length as α † and passing through p † , and which lies for t ≤ 0 and t ≥ 0 respectively in different copies of B.
Therefore we may assume that α † i lies in B × {i}.
, and u i = α + i (0). We may choose a geodesic direction v ∈ Σ p B arbitrarily close to u max . For a geodesic σ with v = σ
the righthand side is at most the lefthand side, and is not smaller by the reflection argument. Now we are going to show
Let us check that for any ǫ > 0, if v is sufficiently close to u max then
Indeed, suppose not. By Lemma 3.3, there exists 0 < b < 1 such that for some v arbitrarily close to u max , (6.6)
where a = sin
and v sufficiently close to u max ,
It follows from (6.6)and (6.7) that
, where a + c < 1. Then a segment of the geodesic α † including p † does not minimize, a contradiction. Therefore (6.5) follows from (6.3) and (6.4). By (6.2), each term on the lefthand side of (6.5) equals π/2.
5. The theorem holds in all dimensions.
Choose n ≥ 1, and assume the theorem holds if dim B = n. Suppose dim B = n+1. By claim 4, B If f = constant, this derivative can be taken to be negative. Then α cannot be continued indefinitely in the interior of B † since f † • α † cannot become negative. Therefore α reaches ∂B † , where f † = 0. Hence Z = ∅. If f ≡ a > 0, then since f ∈ C κ for κ ≥ 0, we must have κ = 0.
Proof of Theorem 7.1. The theorem is broken into three cases, which are proved in Propositions 7.3, 7.4, 7.6 below.
Proof. By the length formula (4.1), F is closed in B × f F and hence is complete. Let us rescale f so that inf f = 1, scaling the metric of F by the reciprocal factor so as to preserve W . Choose p i ∈ B such that f (p i ) = 1 + a i where a i → 0.
For ϕ, ψ ∈ F ,
where the first inequality is by the length formula (4.1). Therefore lim
Since quadruples in B × f F satisfy (1 + 3) κ , so do quadruples in F .
Proof. By Lemma 7.2, κ < 0.
Then B i × fi F ∈ CBB κi where κ i = a 2 i · κ. By Theorem 6.2, B i ∈ CBB κi , and
Passing to a subsequence, we may assume that the pointed spaces (B i , p i ) have Gromov-Hausdorff limit lim
1. For every ǫ > 0 and r > 0, if i is sufficiently large then
Suppose α is a unit-speed geodesic of length ≤ r in B i , with α(0) = p i . Extend
We extend f i to f † i , which in this case we write f ‡ i . Then B ‡ i ∈ CBB κi , and
, by Perelman's doubling theorem and Theorem 6.4. In B ‡ i , we may extend α to [0, ∞) as a quasigeodesic, on which f ‡ i • α satisfies the κ i -concavity inequality. For any q = α(s 1 ), then f ‡ i • α is supported above by the κ i -sinusoid that shares the same value and derivative at s 1 , i.e.
For b ≤ 0, the exponential function
is the extreme possibility for such a supporting sinusoid that does not vanish on [s 1 , ∞). Therefore for any choice of α and any s 1 ≥ 0
• α)(s 1 ) (regardless of the sign of b). Integrating this differential inequality gives
Now extend α to (−∞, ∞) as a quasigeodesic. Since f ‡ i is sinusoidally κ i -concave along all of this extension, (7.3) also holds at s 1 = 0 for the left derivative:
The concavity property of f ‡ i • α tells us that the sum of its one-sided derivatives at any point is non-positive; hence (f ‡
2). Therefore b ≤ 1, and
By (7.4) and (7.5), if 0 < s ≤ r, and κ i is sufficiently close to 0, then
Fixing ǫ and r and taking a limit as i → ∞, and then letting ǫ → 0, gives f ∞ = 1 on the ball of radius r. Since r is arbitrary, f ∞ = 1 on B ∞ . Now choose ϕ ∞ ∈ F . Set
where
given r > 0 and ǫ ′ > 0, for all i sufficiently large there is
. By claim 1, it follows that H i = h i × id : W i → W ∞ satisfies analogous conditions defining (7.6).
Since W i ∈ CBB κi , where
Lemma 7.5. Suppose B ∈ CBB κ , and f :
Proof. Let us write B † = B † (f ) and Π † = Π † (f ).
1. Z = closure (int Z), where int denotes interior relative to ∂B.
It is straightforward to show (as in [Pt 06, Lemma 1.3.4]) that the function |∇ q f | is lower semicontinuous on B, i.e. for any sequence q i → q ∈ B,
Proposition 7.6. Suppose B × f F ∈ CBB κ , where Z = ∅. Then F ∈ CBB κF , where
Proof. By Lemma 7.5, it suffices to verify the first equality in (7.10).
1. Proposition 7.6 holds for warped products with 1-dimensional base.
In this case, B is isometric to a closed interval. If p ∈ Z, then p is an endpoint of B by Theorem 6.2 (2), so Σ p B = {u}. By Lemma 6.1 (2),
2 (Induction step). Suppose (7.10) holds for warped products with n-dimensional base. Then (7.10) holds for warped products with (n + 1)-dimensional base.
Let dim B = n + 1. Any q ∈ Z is the limit of dist Z -footpoints p ∈ int Z, by claim 4 of the proof of Lemma 7.5. By lower semicontinuity of |∇ q f |, it suffices to restrict the supremum in the first equality in (7.10) to dist Z -footpoints p ∈ int Z.
by Lemma 6.1 (2). Since dim Σ p B = n, the induction hypothesis implies F ∈ CBB κF where
by (7.9), this completes the induction step.
Curvature of the fiber, CAT
This section finishes the proof of Theorem 2.2, completing our consideration of curvature bounded above.
In a Riemannian warped product B × f F , the vertical leaves {p} × F are umbilic, with extrinsic curvatures
.e. for a geodesic β in F , the curve (p, β) has curvature | ∇ p f | /f (p) at every point.
Since the acceleration of an intrinsic geodesic in a vertical leaf is towards the lower values of the warping function, the intuition behind this formula is that we actually need the downward gradient length | ∇ p (−f )|, which however agrees with | ∇ p f | in Riemannian manifolds. This agreement need not occur in CAT spaces, so we expect the downward gradient to appear, as in Lemma 8.4.
In metric spaces, a theory of curvature of curves was developed in [AB 96]. Building on work of Lytchak [L 04], a "Gauss equation" for CAT κ spaces was proved in [AB 06], i.e. a sharp upper curvature bound on a subspace whose intrinsic geodesics have an extrinsic curvature bound. Now we are going to apply this work to obtain the correct curvature bound for the fiber in a CAT κ warped product.
Definition 8.1 (Extrinsinc curvature). Suppose Y ⊂ X, where X is an intrinsic metric space and the intrinsic metric induced on Y is complete. Then Y is a subspace of extrinsic curvature ≤ A, where A ≥ 0, if intrinsic distances ρ in Y and extrinsic distances s in X satisfy
on all pairs of points having ρ sufficiently small. In light of the Gauss equation, we need to establish a sharp bound on extrinsic curvature of a vertical leaf.
Then γ F is the unique pregeodesic of F with endpoints ϕ, ψ.
Proof. By Proposition 4.5 (2), γ F is a pregeodesic of F joining ϕ and ψ. By Proposition 4.5 (3), for any pregeodesic β of F joining ϕ and ψ there is a geodesic of B × f F with endpoints (p, ϕ) and (p, ψ) that projects to a monotonic reparametrization of β. Thus γ F is unique because γ is unique. Definition 8.6. For a > 0, set
Proof of Lemma 8.4.
1. It suffices to take F = R, i.e. to show that the vertical leaf {p} × R in B × f R has extrinsic curvature
By Lemma 8.5, F is a locally geodesic space. By Proposition 4.5 (1), vertical leaves are umbilic, i.e. if two points of {p} × F have the same intrinsic distance in {p} × F , then they have the same extrinsic distance in B × f F . It follows that we need only verify the extrinsic curvature definition (8.1) for endpoint pairs lying on a single geodesic in {p} × F .
Let β : J → F be a unit-speed geodesic. By Lemma 5.2 (1), under the embedding
the intrinsic and extrinsic metrics of B × f J agree. The claim follows.
(The lemma concerns limits as ψ 0 → 0, and in its proof we will be taking ψ 0 sufficiently small.)
The claim follows from Corollary 4.9 (1) and uniqueness of γ.
3. The geodesic of B × f R joining (p, −ψ 0 ) and (p, ψ 0 ), ψ 0 > 0, does not lie in the vertical leaf {p} × R.
We are going to use the data from a cone geodesic γ to construct a shorter curve in B × f R, specifically a curve whose projection to B runs back and forth along a geodesic pointing in a direction of decreasing f . Suppose 0 < a < |∇ p (−f )|, and set r = f (p)/a. Let
be a unit-speed geodesic with endpoints (r, ±ψ 0 ). Here we write γ [0,r] to emphasize that the projection of the cone geodesic γ to the base R ≥0 of Cone a lies in [0, r].
Since the sector of Cone a with angle at the vertex 2ψ 0 is isometric to a sector of the Euclidean plane of the same angle, if ψ 0 < π then γ may be viewed simply as a Euclidean segment connecting two points of a central circular arc. Hence its projection to the base behaves as described in claim 2 and has speed 0 only at s = 0.
We may choose a unit-speed geodesic α : [0, t 0 ) → B with α(0) = p and such
By the length formula (4.1), lengthγ < length γ < 2 · f (p) · ψ 0 .
Since 2 · f (p) · ψ 0 is the length of the geodesic joining (p, −ψ 0 ) and (p, ψ 0 )in the vertical leaf {p} × R, the claim follows. (i) follows from claim 3. If (f •γ B )(s(t)) is not convex, then its restriction to some subinterval I of [−t 0 , t 0 ] is ≥ the linear function of t with the same endpoint values. Moreover, γ B | I is not a geodesic since f is convex. Let α be the geodesic of B joining the endpoints of γ B | I and parametrized by I. Since α is shorter than γ B |I, and f •α is convex, then the length formula shows that γ| I can be shortened in B × f R. This contradiction proves (ii). In contrast to the proof of claim 3, here we use the data from a geodesic in B × f R to construct a shorter curve in a cone.
As before, let t ∈ [−t 0 , t 0 ] be the arc-length parameter of γ B . By Corollary 4.9 (4) and (5), v B vanishes only when f • γ B takes its minimum value, and in particular at s = 0. Moreover the minimum value occurs only at s = 0. Otherwise, since (f • γ B )(s(t)) is convex by claim 4, then (f • γ B )(s(t)) would take its minimum on a nontrivial interval I. By claim 2, I would be symmetric about 0. Then γ B | I would be constant, since otherwise γ could be shortened by replacing γ B | I with a constant curve. But γ B | I cannot be constant by claim 3.
For a given a > 0, we may reduce ψ 0 if necessary so that t 0 < r = f ( Proof. Let p satisfy 0 < dist Z (p) ≤ ǫ, and α be a geodesic realizing dist Z (p) with footpoint α(0) ∈ Z, |α + (0)| = 1.
The claim is trivial if C ǫ = 0, so assume C ǫ > 0. Let η t be the unit-speed downward gradient curve of f starting at α(t). Then for t sufficiently small, η t remains within distance ǫ of Z since (f • η t ) + = −|∇ ηt (−f )| ≤ −C ǫ .
Indeed, if t < ǫ/2 and f (α(t)) < C ǫ · ǫ/2, then f • η t reaches 0 before dist Z • η t can exceed ǫ. Let s(t) ≥ t be the length of η t . Then f (α(t)) = |∇ ηt(u) (−f )|du ≥ s(t) · C ǫ ≥ t · C ǫ . (8.6) 5. For ǫ sufficiently small, any ϕ, ψ ∈ F such that |ϕ ψ| F < ̟ κF +ǫ are joined by a unique geodesic of F , and these geodesics depend continuously on ϕ, ψ.
Let κ F be as in claim 4 . It follows from claim 4 that either (a) κ ≤ 0, or (b) κ > 0 and there is p ∈ B − Z such that κ F + ǫ ≥ κ · f (p) 2 .
Indeed, in case (b), if Z = ∅ then κ F ≥ 0 and κ · f (p) may be taken to be positive and arbitrarily close to 0. In case (a), B × f F ∈ CAT 0 , and so (p, ϕ), (p, ψ) ∈ {p} × F are joined by a geodesic γ in B × f F that depends uniquely and continuously on its endpoints.
In case (b), ̟κ ≤ ̟ κ , whereκ = κ F + ǫ f (p) 2 . Therefore if |(p, ϕ) (ψ, p)| {p}×F < ̟κ, then (p, ϕ), (p, ψ) are joined by a geodesic γ of length < ̟ κ in B × f F . Since B × f F ∈ CAT κ , then γ depends uniquely and continuously on its endpoints. Now the claim follows from Lemma 8.5.
6. F ∈ CAT κF where κ F is defined in (i) and (ii).
